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El-Mistikawy has claimed that the author has failed in his aim to apply the homotopy perturbation method (HPM) to
the problem of the three-dimensional flow past a stretching sheet [1]. The results of the said paper do not bear out such
a claim. Ariel et al. [2] had originally applied the HPM to the problem of the axisymmetric fluid past a stretching sheet,
including the effects of the magnetic field and suction, taken separately or jointly. If the success of a method depends upon
the results it produces then it is clear that the method had succeeded completely in that the results were within 0.4% of
the exact solution. El-Mistikawy laments that themethod as outlined in [1] could not be extended to the higher order terms,
which though essentially true, overlooks the fact that the authors were not looking for higher order correction terms as the
method, as propounded by them, gave sufficiently accurate results and there was no reason for looking beyond the first
order correction terms.
El-Mistikawy then goes on to suggest a way of extending the method so that the higher order correction terms could
be generated by stretching the independent coordinate and he traces the idea to Nayfeh [3]. In fact the idea dates back
to Lighthill [4] and was used in the Reference [5] (quoted as reference 2 by El-Mistikawy) by the author himself to obtain
perturbation solutions for the problem of the three-dimensional flow past a stretching sheet when the principal flow is
either planar or axisymmetric. The solutions so obtained were applicable for the entire range of values of β in the range (0,
1). It may be emphasized that for these solutions the straining of the coordinate was mandatory to obtain the higher order
correction terms and preserve the solution structure viz,. The power series in exponentials, however was not thought to be
necessary at all while using the HPM method. The point is that the idea of stretching of the coordinate was already there
and could be incorporated if it was deemed necessary for using the HPM.
It has to be conceded that El-Mistikawy’s idea could be useful for other types of problemswhere the first order correction
terms do not give the desired accuracy. However, the present author has already experimented with the idea and has come
up with a systematic approach to develop the correction terms iteratively, which consistently improves the accuracy of the
solution (see Reference [6]). He has applied the extended method to the original problem of the axisymmetric flow past a
stretching sheet.
In the following we compare the two approaches and draw the appropriate conclusions.
The equations of motion can be shown to be reduced to the following pair of boundary value problems (BVPs)
f ′′′ + (f + g)f ′′ − f ′2 = 0, (1)
g ′′′ + (f + g)g ′′ − g ′2 = 0.
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f (0)+ g(0) = 0, f ′(0) = 1, g ′(0) = β, (2)
f ′(∞) = 0, g ′(∞) = 0,
where a prime denotes the derivative with respect to η, the dimensionless measure of the coordinate normal to the sheet.
El-Mistikawy suggests to strain this variable by introducing the scaling parameter s, which is then expanded in a power
series in p, the homotopy perturbation parameter. Thus he takes
s =
∑
i=o
sipi. (3)
With the rational ofmatching the solution given in [1], he takes s0 = 1, and s1 = 0, and obtains the perturbation solutions
for f and g which can be extended to any order. His first order solutions are in full agreement with those given in [2], and he
lists the second order solutions for f and g , without giving the higher order solutions nor indicating how ‘‘good’’ his second
order solutions are. This is something that needs to be investigated in detail. It is rather unfortunate that El-Mistikawy was
neither able to back up his idea with correct results nor substantiate the usefulness of his idea by showing quantitatively
how the second order correction terms improved the results, if at all, they did.
El-Mistikawy made a mistake in his algebraic calculations. The correct results following his idea are
b = √1+ β, s2 = β6b4 , (4)
df2
dζ
= β
72b4
e−bζ (1− e−bζ )[13+ 10β − 3(1+ 2β)e−bζ ],
dg2
dζ
= β
72b4
e−bζ (1− e−bζ )[10+ 13β − 3(2+ β)e−bζ ],
f2 + g2 = β72b3 (1− e
−bζ )2(10− 3e−bζ ),
where ζ is the stretched coordinate given by ζ = sη.
For judging the impact of the second order correction terms we see their effect on the skin-friction, which is defined in
terms of−f ′′(0) and−g ′′(0). We have
− f ′′(0) = b
(
1+ β
6b4
)2 [
1− β
3b2
− β
36b4
(5+ 2β)
]
, (5)
and a similar expression for−g ′′(0).
For β = 1 (axisymmetric case), the first three partial sums for−f ′′(0) are 1.414214, 1.178511, and 1.204172. The exact
value of−f ′′(0) is 1.173721 correct to seven digits. It is rather obvious that the second order correction terms based on El-
Mistikawy’s idea lead to worse results as compared to the case when the correction is limited to the first order terms! It is
not unlikely that the higher order correction terms, if derived, might remedy the situation. That, however, is not attempted
here.
On the other hand if we follow the approach taken by the author and stretch both the variables by the same parameter,
i.e., ζ = sη and F = sf , in order to preserve the boundary conditions, we obtain the following BVPs
s2
d3F
dζ 3
+ (F + G)d
2F
dζ 2
−
(
dF
dζ
)2
= 0, (6)
s2
d3G
dζ 3
+ (F + G)d
2G
dζ 2
−
(
dG
dζ
)2
= 0,
with similar boundary conditions as in (2).
The homotopy perturbation formulation of (6) is
s2
(
d3F
dζ 3
− dF
dζ
)
+ p
[
(F + G)d
2F
dζ 2
−
(
dF
dζ
)2
+ s2 dF
dζ
]
= 0, (7)
s2
(
d3G
dζ 3
− dG
dζ
)
+ p
[
(F + G)d
2G
dζ 2
−
(
dG
dζ
)2
+ s2 dG
dζ
]
= 0.
Now proceeding as in Ref [6], and seeking the perturbation solutions
s2 =
∑
i=o
bipi, F =
∑
i=o
Fipi, G =
∑
i=o
Gipi (8)
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where the coefficients are determined by following the principle of avoiding the secular terms, we obtain the following
results up to the second order terms:
b0 = 1+ β, dF0dζ = e
−ζ ,
dG0
dζ
= βe−ζ , F0 + G0 = (1+ β)(1− e−ζ ) (9)
b1 = β3b0 ,
dF1
dζ
= dG1
dζ
= β
3b0
e−ζ (1− e−ζ ), F1 + G1 = β3b0 (1− e
−ζ )2 (10)
b2 = β36
(
5
b0
− 4β
b20
)
, (11)
dF2
dζ
= β
72b0
e−ζ (1− e−ζ )
[
10+ 3
b0
− 8β
b20
−
(
6− 3
b0
)
e−ζ
]
,
dG2
dζ
= β
72b0
e−ζ (1− e−ζ )
[
10+ 3β
b0
− 8β
b20
−
(
6− 3β
b0
)
e−ζ
]
,
F2 + G2 = β72b0 (1− e
−ζ )2
(
10− 8β
b20
− 3e−ζ
)
.
Once again we use the values of −f ′′(0) as the benchmark for our solution. The results have already been tabulated in
Reference [6] for β = 1. The successive partial sums in this case are 1.4142136, 1.226633, 1.190499. As a result of stretching
of the coordinates the first order solution is not as good as that obtained by Ariel [1,2,6] and El-Mistikawy; however, the
second order solution shows an improvementwith the solution converging towards the exact value. As further shown in [6],
the trend continues, the next few partial sums being 1.1797512, 1.176028, 1.174636, 1.174092, . . . . The signs of convergence
are definitely there.
Thus we have at hand two approaches which are similar in principle but differ in details. In the approach taken by El-
Mistikawy, the second order correction term degenerates the convergence process, whereas in the approach chosen by the
author, the successive terms lead to a consistent improvement in the convergence.
Finally it should be clearly understood that El-Mistikawy’s comments are directed towards a particular version of HPM
implemented in [1,2]. The HPM is quite versatile and as He and several other researchers have demonstrated time and
again, it does not necessarily restrict the solution to first order term corrections. There are works reported in the literature
for which HPM gives the solution in the form of a converging infinite series. The present author’s extension [6] of his work
is a case in point.
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